I present higher-order corrections from soft-gluon emission for the associated production of a top quark with a Z boson via anomalous t-q-Z couplings at LHC energies. Approximate next-to-next-to-leading order (aNNLO) double-differential cross sections are derived from soft-gluon resummation at next-to-leading-logarithm accuracy. The total tZ production cross sections and the top-quark transverse-momentum and rapidity distributions are calculated at aNNLO for various LHC energies. It is shown that the soft-gluon corrections are dominant and large for this process.
Introduction
The study of the top quark is a very important part of physics at the Large Hadron Collider (LHC). As the heaviest known elementary particle, the top quark has unique properties and is central to the elucidation of the Higgs mechanism. Many reviews of top quark physics have been written, see for example Refs. [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] , that describe top-quark production and top-quark properties. The main production process is top-antitop pair production [13] followed by singletop production [14, 15] .
In addition to the various Standard Model processes for top production, another possibility is production via top-quark anomalous couplings. One such process is the associated production of a top quark with a Z boson, see e.g. [16] [17] [18] [19] [20] [21] . While tZ production may proceed in the Standard Model via processes involving an additional quark in the final state [22] , in models of new physics with anomalous top-quark couplings it is possible to produce a tZ final state without any additional particles at lowest order.
An effective Lagrangian that includes the coupling of a t, q pair to a Z boson in such processes may be written as
where κ tqZ is the anomalous t-q-Z coupling, with q a u-or c-quark; F µν Z is the Z-boson field tensor; σ µν = (i/2)(γ µ γ ν − γ ν γ µ ) with γ µ the Dirac matrices; e is the electron charge; and Λ is an effective scale which we take to be equal to the top quark mass, m t .
The search for and the setting of limits on anomalous top-quark couplings is an active area of LHC physics [23, 24] . In the determination of experimental limits it is important to have good theoretical predictions. When higher-order corrections are large, their effect is important in the setting of limits on anomalous couplings. As in any process, higher-order radiative corrections may significantly change the leadingorder (LO) result. The next-to-leading order (NLO) corrections to tZ production via anomalous couplings were calculated in Ref. [18] and were shown to be quite large. Therefore it is important to see if next-to-next-to-leading order (NNLO) corrections have significant effects on the production cross section.
A particular class of radiative corrections that have been well known to be significant and in fact dominant for massive final states with top quarks is from soft-gluon emission [5, 8, 13-15, 17, 25, 26] . For example, in tW production, which is a similar process, the soft-gluon corrections approximate very well the exact results at NLO. Denoting the LO result plus the soft corrections at NLO as approximate NLO (aNLO), it was found that the difference between the full NLO and the aNLO cross sections is negligible. The NNLO soft-gluon corrections contribute significantly to the cross section and the top-quark differential distributions [15] . The sum of the NLO result plus the NNLO soft corrections is denoted as approximate NNLO (aNNLO). It is reasonable to expect a similar behavior for tZ production, i.e. a considerably enhanced aNNLO total cross section and differential distributions.
The soft-gluon corrections are particularly significant near partonic threshold, where by definition there is little energy left for any additional radiation and hence any gluon emission is soft, i.e. low energy. Soft-gluon radiation contributions appear in the form of logarithmic "plus" distributions of the type ln
with k ≤ 2n − 1 at nth order in the strong coupling α s . These plus distributions arise from cancellations of infrared divergences between soft and virtual terms. Double logarithms are from collinear and soft emission, while purely soft emission contributes single logarithms. As we will see, the soft-gluon corrections for tZ production are indeed large. We also note that while there may be different motivations and models for top-quark anomalous couplings, the effect of soft-gluon corrections is not dependent on the details of such models.
In the next section we present the soft-gluon resummation formalism and details of its application to tZ production. Expansions of the resummed cross section are derived at NLO and NNLO. In Section 3 we present numerical results for the total tZ production cross section as well as the top-quark transverse momentum, p T , and rapidity distributions through aNNLO at LHC energies. We conclude in Section 4.
Resummation for gq → tZ
We study soft-gluon resummation for tZ production via anomalous t-q-Z couplings. The partonic process is gq → tZ where q can be an up or charm quark. The lowest-order Feynman diagrams with an up quark are shown in Fig. 1 ; the same diagrams apply to the charm-quark initiated process.
For the partonic process g(p g ) + q(p q ) → t(p t ) + Z(p Z ), we define the kinematical variables
, where m Z is the Z-boson mass and, as before, m t is the top-quark mass. Near partonic threshold, i.e. when there is just enough energy to produce the final tZ state -but with the top-quark and Z-boson not necessarily at rest, we have s 4 → 0. We also define
We consider the double-differential partonic cross section d
where
2) with α = e 2 /(4π). Resummation of soft-gluon corrections follows from the factorization of the cross section into functions that describe soft and collinear emission in the partonic process. Taking moments of the partonic cross section,σ(N) = (ds 4 /s) e −N s 4 /sσ (s 4 ), with N the moment variable, we write a factorized expression in 4 − ǫ dimensions,
where µ is the scale, H gq→tZ is the hard-scattering function, S gq→tZ is the soft-gluon function that encompasses noncollinear soft-gluon emission, and J i are jet functions which describe soft and collinear emission from the incoming quark and gluon. The soft function S gq→tZ requires renormalization; its dependence on the moment N is resummed via renormalization group evolution [15, 25] . We write
with S b gq→tZ the unrenormalized bare quantity, and Z S a renormalization constant. The function S gq→tZ satisfies the renormalization group equation
with β(g s ) the QCD beta function; and
is the soft anomalous dimension that determines the evolution of the soft function S gq→tZ . We calculate the soft anomalous dimension Γ S gq→tZ from the coefficients of the ultraviolet poles of the corresponding loop diagrams in dimensional regularization [13-15, 17, 25, 27] .
The resummed partonic cross section in moment space is then given by
The first exponent in Eq. (2.7) resums soft and collinear corrections [28, 29] from the incoming quark and gluon, and it can be found explicitly in [15] . We expand the soft anomalous dimension for gq → tZ as Γ
gq→tZ . For resummation at next-to-leading-logarithm (NLL) accuracy we need the expression for the soft anomalous dimension at one loop. The one-loop result in Feynman gauge is
with color factors C F = (N 2 c − 1)/(2N c ) and C A = N c , where N c = 3 is the number of colors. We have also calculated the two-loop result, which is
where Γ
gq→tZ is given in Eq. (2.8), n f = 5 is the number of light-quark flavors, ζ 2 = π 2 /6, and
The expansion of the NLL resummed cross section, Eq. (2.7), to NNLO [26] followed by inversion to momentum space, provides us with robust and prescription-independent results for the soft-gluon corrections at NLO and NNLO. As we will see in the next section, the NLO soft-gluon corrections are large and they approximate the complete corrections at that order very well, while the NNLO soft-gluon corrections provide further significant contributions.
The NLO soft-gluon corrections for gq → tZ are
where µ F is the factorization scale, µ R is the renormalization scale and β 0 = (11C A − 2n f )/3 is the lowest-order QCD β function. The NNLO soft-gluon corrections for gq → tZ are
The plus distributions that appear in the above corrections are defined by their integral with parton distributions φ, as
3 Results for gu → tZ and gc → tZ at the LHC We now present numerical results for tZ production in pp collisions at LHC energies via topquark t-q-Z anomalous couplings, specifically via the partonic processes gu → tZ and gc → tZ. Throughout we use CT14 [30] NNLO parton distribution functions (pdf), but we note that the results are essentially the same if MMHT2014 [31] or NNPDF [32] pdf are used instead. We first note that we have compared our aNLO results with the complete NLO results of Ref. [18] . We find remarkable agreement, with only a few per mille difference between the aNLO and NLO cross sections for gu → tZ, and less than two percent difference for gc → tZ. This shows that the soft-gluon corrections dominate the corrections and thus serve as an excellent approximation to the complete corrections. This is in line with studies for other top-quark processes, and in particular for tW production [15] , which has a similar color structure and mass for the final-state particles. In addition, our aNLO results for the top p T distributions are very close to the exact NLO results of Ref. [18] , at the few percent or better level for both gu → tZ and gc → tZ, again in line with expectations. Given these considerations, it is expected that our aNNLO corrections should provide a reliable measure of the contributions beyond NLO. We begin with the process gu → tZ. For specificity, we choose a value for the anomalous coupling of κ tuZ = 0.01, in line with recent limits [23, 24] . In the left plot of Fig. 2 we show the aNNLO total cross sections for gu → tZ in pp collisions at 7, 8, 13, and 14 TeV LHC energies as functions of top-quark mass in the range from 165 to 180 GeV. The factorization and renormalization scales are set equal to the top-quark mass.
The inset in the left plot of Fig. 2 shows the K-factors, i.e. the aNNLO/NLO cross section ratios at the various LHC energies. We see that the aNNLO corrections increase the NLO result by around 8% at 14 TeV, 9% at 13 TeV, 12% at 8 TeV, and 13% at 7 TeV. The increasing effect of the corrections as the energy is lowered is entirely expected as we get closer to partonic threshold, where the contribution of the soft-gluon corrections gets larger.
The plot on the right of Fig. 2 shows the soft-gluon contributions at each order to the total cross section for gu → tZ at 13 TeV energy. The LO, aNLO, and aNNLO cross sections are displayed, all with the same pdf, thus showing the effect of the perturbative soft-gluon corrections. It is evident that the NLO soft-gluon corrections substantially increase the LO result and, as we discussed above, dominate the complete NLO cross section. The aNNLO soft-gluon corrections further increase the cross section and need to be included for a more precise theoretical prediction.
The inset in the right plot of Fig. 2 shows the K-factors relative to LO, i.e. the ratios of the higher-order cross sections to the LO cross section. The aNLO/LO K-factor at 13 TeV is 1.37, indicating 37% enhancement of the LO cross section by the NLO soft-gluon corrections. The aNNLO/LO K-factor is 1.49, indicating an additional 12% enhancement from the NNLO soft-gluon corrections.
We continue with the process gc → tZ. We choose a value for the anomalous coupling of κ tcZ = 0.01. The cross section for this process is an order of magnitude smaller than the one with up quarks. In the left plot of Fig. 3 we show the aNNLO total cross sections for gc → tZ in pp collisions at 7, 8, 13, and 14 TeV LHC energies as functions of top-quark mass, again in the range from 165 to 180 GeV. The inset plot on the left shows the aNNLO/NLO K-factors at different energies. The K-factors are again large, in fact even larger than for the up-quark initiated process. Again, we observe that the K-factors get larger at lower energies, as expected.
The plot on the right of Fig. 3 shows the LO, aNLO, and aNNLO cross sections for gc → tZ at 13 TeV energy. We again observe that the NLO soft-gluon corrections substantially increase the LO result and that the aNNLO soft-gluon corrections further increase the cross section: the aNNLO/LO K-factor is 1.51. These are very significant corrections, similar to what we found for the process gu → tZ.
Since the higher-order corrections are large, the effect on setting limits on anomalous couplings is significant. For the t-u-Z coupling at 13 TeV, the NLO calculation reduces the limit on the coupling by 17% relative to LO, while the aNNLO calculation reduces the limit by 22% relative to LO. For the t-c-Z coupling at 13 TeV, the NLO calculation reduces the limit on the coupling by 15% relative to LO, while the aNNLO calculation reduces the limit by 23% relative to LO.
In Figure 4 we show the scale dependence of the cross sections for the current 13 TeV energy at the LHC. The top-quark mass is taken to be 173.3 GeV. The left plot is for the process gu → tZ, while the right plot is for gc → tZ. We observe a relatively mild dependence of the cross section on scale, especially when the aNNLO corrections are included. Typically, a scale variation by a factor of two is used to show an estimate of the theoretical uncertainty, but we show a bigger range in the plot.
For the process gu → tZ at 13 TeV energy, there is a scale uncertainty of 5.2% at aNNLO in the range shown, which is much smaller than the 16.3% uncertainty at NLO and the 20.0% uncertainty at LO. Thus, the inclusion of the higher-order corrections greatly reduces the theoretical uncertainty. The corresponding aNNLO uncertainties for other LHC energies are similar: 5.9% at 14 TeV, 6.3% at 8 TeV, and 6.6% at 7 TeV. For the process gc → tZ at 13 TeV energy, there is a scale uncertainty of 7.0% at aNNLO in the range shown, which is much smaller than the 15.7% uncertainty at LO. We also find an aNNLO scale uncertainty of 6.8% at 14 TeV, 4.7% at 8 TeV, and 4.2% at 7 TeV.
In addition to scale uncertainties, there are also pdf uncertainties. Using the pdf errors associated with the CT14NNLO pdf [30] , we find that the pdf uncertainties are relatively small for gu → tZ: they are 3.0% at 14 TeV, 2.9% at 13 TeV, and 2.8% at 7 and 8 TeV. The pdf uncertainties are larger for the process gc → tZ: 6.0% at 14 TeV, 6.3% at 13 TeV, 8.9% at 8 TeV, and 9.8% at 7 TeV.
There is also the question of uncertainties from missing terms beyond the ones already included. The full set of those missing terms are of course not known, but one way to check their possible impact is to include certain terms beyond NLL accuracy that are known. In particular, a theoretically important term is the two-loop soft anomalous dimension, Eq. (2.9). Including it in the aNNLO expression, we find that numerically its effect is less than one per mille for the total cross section, which is tiny compared to the scale and pdf uncertainties.
Next we consider the top-quark differential distributions. In particular, we calculate the topquark transverse-momentum (p T ) and rapidity distributions at LHC energies through aNNLO. We set the scales equal to the top-quark mass which we again take as 173.3 GeV.
We begin with the process gu → tZ. In the left plot of Fig. 5 we show the aNNLO topquark p T distributions, dσ/dp T , at 7, 8, 13, and 14 TeV LHC energies with m t = 173.3 GeV. The p T distributions peak at a p T value of around 110 GeV for 13 and 14 TeV energy, and at around 100 GeV for 7 and 8 TeV energy. The corresponding top-quark rapidity distributions, dσ/d|Y |, are shown in the plot on the right of the figure. We note that the soft-gluon corrections for the rapidity distribution are increasingly significant at large rapidity values, as is expected at edges of kinematic phase space. As the K-factors in the inset of the right plot show, the aNNLO corrections can be very large, increasing the NLO rapidity distribution at a rapidity value |Y | = 3 by around 20% at 14 TeV, 21% at 13 TeV, 33% at 8 TeV, and 38% at 7 TeV. As also expected, the K-factors increase with decreasing energy.
Finally, we present the top-quark differential distributions in the process gc → tZ, again with m t = 173.3 GeV. As for the total cross sections, the differential distributions are an order of magnitude smaller than for the up-quark initiated process. In the left plot of Fig. 6 we show the aNNLO top-quark p T distributions, and on the right plot we show the rapidity distributions at LHC energies. The K-factors in the inset of the right plot again show a similar pattern, increasing both at higher rapidities and lower energies. The aNNLO corrections increase the NLO rapidity distribution at a rapidity value |Y | = 3 by around 26% at 14 TeV, 28% at 13 TeV, 40% at 8 TeV, and 45% at 7 TeV.
Conclusions
The production of a top quark in association with a Z boson can proceed via anomalous t-q-Z top-quark couplings, where q is an up or charm quark. The partonic processes involved are gu → tZ and gc → tZ. We have shown that the total cross sections as well as the top-quark transverse momentum and rapidity distributions receive large contributions from soft-gluon emission; these contributions dominate the cross section numerically. We resummed soft and collinear gluon emission via the use of soft anomalous dimensions which have been calculated to two loops. From the resummed cross section at NLL accuracy we derived expansions at NLO and NNLO. The soft-gluon corrections at NLO approximate very well the exact results. The aNNLO soft-gluon corrections provide substantial additional enhancements.
The total production cross sections for both the gu → tZ and gc → tZ partonic processes were calculated at 7, 8, 13, and 14 TeV LHC energies. The aNNLO/NLO K-factors show that the aNNLO corrections are significant at all energies. These contributions need to be included in searching for anomalous couplings and in setting limits on them at the LHC. Furthermore, the top-quark transverse momentum and rapidity distributions were calculated in both processes. The aNNLO corrections are particularly large for large values of the top-quark rapidity.
